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ABSTRACT
In this present study we have considered the Modified Lindley distribution having
single parameter as a lifetime distribution. It’s hazard rate function is unimodal, re-
verse bathtub and becomes constant for larger values of the variate value. It is true
for almost all the values of its parameter θ. We have computed Bayes estimators of
θ on the basis of type II censored sample from it under various such loss functions as
squared error loss function(SELF), weighted squared error loss function(WSELF),
modified squared error loss function(MSELF), exponentiated squared error loss func-
tion(ESELF), precautionary loss function(PLF) and logarithmic loss function(LLF).
The estimators thus obtained have been compared through their posterior risks.

KEYWORDS
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1. Introduction

[13] proposed the Lindley distribution having the single parameter θ, which has in-
creasing nature of hazard rate function. It was discovered to solve the limitation of
exponential distribution which has only constant shape of hazard rate function. Al-
though, the Lindley distribution itself is restricted to model the data having increasing
failure rate (IFR) only. A number of attempts has been made to generalise/transform
the Lindley distribution in order to have much flexible distribution in the sense of hav-
ing different shapes of hazard rate function, as compared to the Lindley distribution
itself.

Recently, [6] proposed a general family of the Modified Lindley distribution by the
use of a particular tuning function w(x) = e−θx;x > 0, θ > 0 and the cdf of this new
modified Lindley distribution is as follows,
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F (x) = 1−
[
1 +

θx

1 + θ
e−θx

]
e−θx ;x > 0, θ > 0 (1)

The new distribution is abbreviated as ML(θ) distribution. As there is no inclusion of
any additional parameter to the Lindley distribution with the parameter θ, hence it
is parsimonious in parameter and consequently simple to use. Also, the pdf, survival
function and hrf of ML(θ) distribution are given by,

f(x) =
θ

1 + θ
e−2θx

[
(1 + θ)eθx + 2θx− 1

]
;x > 0, θ > 0 (2)

S(x) = (1 + θ)eθx + θx ;∀x > 0, θ > 0 (3)

and

h(x) =
θ(θx− 1)

(1 + θ)eθx + θx
+ θ ;∀x > 0, θ > 0 (4)

respectively.

It is important to mention here that for w(x)=0, F(x) becomes the cdf of
exponential(θ) distribution; while for w(x)=1, it becomes the cdf of the Lindley dis-
tribution with parameter θ. This shows that the ML(θ) distribution is somehow the
generalisation of Exp(θ) distribution.

The rest of the paper is organized as follows: In section 2, we have obtained
likelihood function for Type II censored sample from ML(θ) distribution. Next in
section 3 we have derived the Bayes estimators of θ under SELF, WSELF, MSELF,
ESELF, PLF, and LLF for the gamma prior of θ. The simulation study is carried in
section 4 in order to compare the considered estimators of θ in terms of simulated
risks. Finally, conclusions have been shown in the last section 5.

2. Type II Censoring

Life testing experiment refers to a procedure designed to measure the reliability charac-
teristics of identical items by recording their ”time to failure” under normal operating
conditions. In life testing experiment most of the times one generally cannot observe
the failure of all the items put on the test due to time and cost constraints. Therefore,
adequate information and the results on failure times of all the objects put on test
cannot be obtained. The data, thus obtained are called the censored data. The very
first work on censored data can be found in [3] and [4]. The most commonly used
censoring schemes are type I, type II, hybrid type I, hybrid type II, progressive type
I, progressive type II censoring schemes etc. In the present paper, we have considered
estimation of the parameters of the considered distribution on the basis of type II

2



Asian Journal of Statistics and Applications Kumar, Sahoo, Prajapati, Kumar

censored sample from it. In type II censoring, we have a total of n items put on the life
testing experiment and wait for the failure of r ≤ n items only, where r is a pre-fixed
number. The type II censored sample thus obtained is x(1) ≤ x(2) ≤ ... ≤ x(r) and the
likelihood function for this type II censored sample is given by [2].

L(θ|X) =
n!

(n− r)!

r∏
i=1

f
(
x(i), θ

) (
1− F (x(r), θ)

)n−r
(5)

3. Bayes Estimators of θ

An estimator θ̂ is said to be Bayes estimator of θ if it minimises the Bayes risk. Let
the parameter θ of ML(θ) distribution is a random variable having prior distribution
as Gamma G(a,b) distribution where a is shape and b is rate parameter, which is an
informative prior. Any information available for θ can be modelled by certain choice
of the hyper-parameters a and b. The hyper-parameters a and b can be evaluated if
we have any two independent informations available regarding them. Suppose we have
known prior mean and variance as M and V respectively, so that M=a

b and V= a
b2

giving a=M2

V and b=M
V (see [7], [8], [10], [21]). The posterior pdf of θ given Type II

censored sample X = (X1, X2, ..., Xr) is obtained as follows:

h(θ|x) =
θr+α−1

(1+θ)r e
−θ[β+2

∑r
i=1 xi+(n−r)xr]

[
1 + θxr

1+θe
−θxr

]n−r ∏r
i=1

[
(1 + θ)eθxi + 2θxi − 1

]
∫∞
0

θr+α−1

(1+θ)r e
−θ[β+2

∑r
i=1 xi+(n−r)xr]

[
1 + θxr

1+θe
−θxr

]n−r ∏r
i=1 [(1 + θ)eθxi + 2θxi − 1] dθ

=
A(θ)ϕ(θ,X)ξ(θ,X, r)∫∞

0 A(θ)ϕ(θ,X)ξ(θ,X, r)dθ

where A(θ) = θr+α−1

(1+θ)r

ϕ(θ,X) =
∏r

i=1

[
(1 + θ)eθxi + 2θxi − 1

]
ξ(θ,X, r) = e−θ[β+2

∑r
i=1 xi+(n−r)xr]

[
1 + θxr

1+θe
−θxr

]n−r

3.1. Bayes Estimators and Posterior Risks Under Different Loss
Functions

An important criterion to obtain a better Bayes estimator among the considered Bayes
estimators of a parameter of interest is that it has the smallest posterior risk as com-
pared to those of the others. This criterion is used by several authors (see [18], [19],
[20], [15], [40]). Here, we have derived Bayes estimators of θ and the corresponding
posterior risks under six useful loss functions, which are Squared Error Loss Function
(SELF), Weighted Squared Error Loss Function (WSELF), Modified Squared Error
Loss Function (MSELF), Exponentiated Squared Error Loss Function (ESELF), Pre-
cautionary Loss Function (PLF) and Logarithmic Loss Function (LLF).

3.1.1. Squared Error Loss Function (SELF)

The squared error loss function (SELF) is proposed by [42] and [43] and it is a useful
loss function in the situation when over estimation and under estimation are of equal
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importance.

LS(θ, θ̂) = (θ̂ − θ)2 (6)

The Bayes estimator of θ and the corresponding posterior risk of θ are given by

θ̂S = Eθ(θ |X) (7)

and

Rs(θ̂s, θ) = E(θ2 |X)− [E(θ |X)]2 (8)

and the same for the parameter θ of ML(θ) distribution for the type II censored
sample X = (X1, X2, ..., Xr) are obtained as follows:

θ̂s =Eθ(θ |X) =

∫ ∞

0
θh(θ|X)dθ

=

∫∞
0 θA(θ)ϕ(θ,X)ξ(θ,X, r)dθ∫∞
0 A(θ)ϕ(θ,X)ξ(θ,X, r)dθ

(9)

and

Rs(θ̂s, θ) =E(θ2 |X)− [E(θ |X)]2

=

∫ ∞

0
θ2h(θ |x)dθ −

(∫ ∞

0
θh(θ |x)dθ

)2

=

∫∞
0 θ2A(θ)ϕ(θ,X)ξ(θ,X, r)dθ∫∞
0 A(θ)ϕ(θ,X)ξ(θ,X, r)dθ

−
[∫∞

0 θA(θ)ϕ(θ,X)ξ(θ,X, r)dθ∫∞
0 A(θ)ϕ(θ,X)ξ(θ,X, r)dθ

]2
(10)

3.1.2. Weighted Squared Error Loss Function (WSELF)

The weighted squared error loss function (WSELF) is defined as

LW (θ̂, θ) =
(θ̂ − θ)2

θ
(11)

Unlike SELF it has an asymmetric shape. For more details see [41]. The corresponding
Bayes estimator of the parameter θ of ML(θ) distribution for type II censored sample
under WSELF is given by
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θ̂w =
[
Eθ(θ

−1 |X)
]−1

=

[∫ ∞

0
θ−1h(θ |X)

]−1

=

[∫∞
0 θ−1A(θ)ϕ(θ,X)ξ(θ,X, r)dθ∫∞

0 A(θ)ϕ(θ,X)ξ(θ,X, r)dθ

]−1

(12)

and the posterior risk of θw is :

Rw(θ̂, θ) =Eθ [θ |X]−
[
Eθ

[
θ−1 |X

]]−1

=

∫∞
0 θA(θ)ϕ(θ,X)ξ(θ,X, r)dθ∫∞
0 A(θ)ϕ(θ,X)ξ(θ,X, r)dθ

−
[∫∞

0 θ−1A(θ)ϕ(θ,X)ξ(θ,X, r)dθ∫∞
0 A(θ)ϕ(θ,X)ξ(θ,X, r)dθ

]−1

(13)

3.1.3. Modified Squared Error Loss Function (MSELF)

[23] proposed the modified squared error loss function (MSELF) defined as:

LM (θ, θ) =

[
θ̂ − θ

θ

]2

(14)

Like SELF it is also symmetric in shape and the corresponding Bayes estimator of
the parameter θ of ML(θ) distribution for type II censored sample under MSELF is
given by

ˆθM =
Eθ

[
θ−1 |X

]
Eθ [θ−2 |X]

=

[∫∞
0 θ−1h(θ |X)

][∫∞
0 θ−2h(θ |X)

]
=

∫∞
0 θ−1A(θ)ϕ(θ,X)ξ(θ,X, r)dθ∫∞
0 θ−2A(θ)ϕ(θ,X)ξ(θ,X, r)dθ

(15)
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and the posterior risk of ˆθM is:

RM (θ̂, θ) =1−
[
Eθ

[
θ−1 |X

]]2
Eθ [θ−2 |X]

=1−
[[∫∞

0 θ−1h(θ |X)
]]2[∫∞

0 θ−2h(θ |X)
]

=1−
[∫∞

0 θ−1A(θ)ϕ(θ,X)ξ(θ,X, r)dθ
]2∫∞

0 θ−2A(θ)ϕ(θ,X)ξ(θ,X, r)dθ
∫∞
0 A(θ)ϕ(θ,X)ξ(θ,X, r)dθ

(16)

3.1.4. Precautionary loss function (PLF)

Traditionally, Bayes parameter estimation is based on a quadratic loss-function but
[14] introduced an alternative non-symmetric Precautionary loss function which is
defined as:

LP (θ̂, θ) =

[
θ̂ − θ

]2
θ̂

(17)

The Bayes estimator of the parameter θ of ML(θ) distribution under PLF is given by:

θ̂P =
√

Eθ(θ2 |X)

=

√∫ ∞

0
θ2h(θ|X)dθ

=

√∫∞
0 θ2A(θ)ϕ(θ,X)ξ(θ,X, r)dθ∫∞
0 A(θ)ϕ(θ,X)ξ(θ,X, r)dθ

(18)

and the corresponding posterior risk of the Bayes estimator θ̂P of the parameter is:

RP (θ̂P , θ) =2
[√

Eθ(θ2 |X)− Eθ(θ |X)
]

=2

[√∫ ∞

0
θ2h(θ|X)dθ −

∫ ∞

0
θh(θ|X)dθ

]

=2

[√∫∞
0 θ2A(θ)ϕ(θ,X)ξ(θ,X, r)dθ∫∞
0 A(θ)ϕ(θ,X)ξ(θ,X, r)dθ

−
∫∞
0 θA(θ)ϕ(θ,X)ξ(θ,X, r)dθ∫∞
0 A(θ)ϕ(θ,X)ξ(θ,X, r)dθ

]
(19)
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3.1.5. Logarithmic Loss Function (LLF)

The Logarithmic loss function is defined as:

LL(θ̂, θ) =
[
ln θ̂ − ln θ

]2
(20)

The Bayes estimator of the parameter θ of ML(θ) distribution under Logarithmic loss
function is given by:

θ̂L =eE(ln θ |X)

=e
∫ ∞
0

ln θh(θ |X)dθ

=e

[ ∫∞
0 ln θA(θ)ϕ(θ,X)ξ(θ,X,r)dθ∫∞

0 A(θ)ϕ(θ,X)ξ(θ,X,r)dθ

] (21)

and the corresponding posterior risk is:

RL(θ̂, θ) =V ar(ln θ)

=

∫ ∞

0
(ln θ)2 h(θ|X)dθ −

[∫ ∞

0
(ln θ)h(θ|X)dθ

]2
=

[∫∞
0 (ln θ)2A(θ)ϕ(θ,X)ξ(θ,X, r)dθ∫∞

0 A(θ)ϕ(θ,X)ξ(θ,X, r)dθ

]

−
[∫∞

0 (ln θ)A(θ)ϕ(θ,X)ξ(θ,X, r)dθ∫∞
0 A(θ)ϕ(θ,X)ξ(θ,X, r)dθ

]2
(22)

3.1.6. Exponentiated SELF (ESELF)

[10] introduced a new asymmetric loss function Exponentiated SELF (ESELF), which
is defined as:

LE(θ̂, θ) =
[
e−θ̂ − e−θ

]2
(23)

The Bayes estimator of the parameter θ is given by:

θE = − ln
[
E(e−θ |X)

]
= − ln

[∫ ∞

0
e−θh(θ|X)dθ

]
= − ln

[∫∞
0 e−θA(θ)ϕ(θ,X)ξ(θ,X, r)dθ∫∞

0 A(θ)ϕ(θ,X)ξ(θ,X, r)dθ

] (24)
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and the corresponding posterior risk is:

RE(θ̂E , θ) =V ar
[
E
[
e−θ |X

]]
=

∫ ∞

0
e−2θh(θ|X)dθ −

[∫ ∞

0
e−θh(θ|X)dθ

]2
=

[∫∞
0 e−2θA(θ)ϕ(θ,X)ξ(θ,X, r)dθ∫∞

0 A(θ)ϕ(θ,X)ξ(θ,X, r)dθ

]

−

[∫∞
0 e−θA(θ)ϕ(θ,X)ξ(θ,X, r)dθ∫∞

0 A(θ)ϕ(θ,X)ξ(θ,X, r)dθ

]2

(25)

4. Simulation Study

In this section, simulation study is carried out to compare the considered Bayes es-
timators (θ̂S , θ̂W , θ̂M , θ̂E , θ̂P and θ̂L) of the parameter θ of ML(θ)- distribution in
terms of their posterior risks. The Bayes estimator of the parameter θ with the small-
est posterior risk is considered as the best among all the considered Bayes estimators
of the parameter θ. For this study we have chosen arbitrarily n = 15, 20, 30 and 60
; r = 40%, 60% and 80% of the value of n and θ = 2.5, 3.0 and 3.5. In order to get
the convergence of the results, we have simulated 2000 different samples as per the
plan discussed above and the results are summarised in Tables 1-5. On comparing the
results of Table 1 with the corresponding results of Tables 2 and 3, we observed that
in almost all the cases the posterior risk of θ̂S is least in the case when M = θ as com-
pared to those of θ̂S in the cases when M < θ and M > θ. While, the other considered
estimators ˆθW , ˆθM , θ̂P , θ̂L and θ̂E having lowest posterior risks in almost all the cases
in the case when M > θ as compared to those of the corresponding estimators in the
cases when M = θ and M < θ. In addition to these findings, it is also observed that
as V increases for fixed values of n and r, the posterior risks of each of the considered
estimators also increases, which is a desired characteristic of the estimator that the
posterior risks increases with increase in prior variance. From these tables, it is also
found that for all the considered values of V, the posterior risks of various considered
estimators of θ decreases with increase in the considered value of r (which is 40%, 60%,
and 80% of the considered value of n = 30), which is also a desired result.

Further, Tables 4 and 5 provides the simulated posterior risks of the above consid-
ered estimators of θ for the different values of r = 40%, 60% and 80% of the various
values of n = 15, 20, 30 and 60 and the various values of θ are taken as 2.5 (Table
4) and 3.5 (Table 5). The values of M and V are taken as 3 and 1 resp. From these
tables, it is observed that the posterior risks of the various considered estimators of
θ decreases as r increases for fixed n. It is true for every considered fixed values of n.
In addition, for a fixed percentage of different value of n (effective sample size r), the
simulated posterior risks of the considered estimators of θ decreases with increase in
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Table 1. Posterior Risks of the estimator of θ when prior variance varies for fixed n = 30, r(r = 12, 18, 24),

θ = 3.0, M = 2.5

V scheme r R(θ̂)S R(θ̂)WS R(θ̂)MS R(θ̂)PLF R(θ̂)LLF R(θ̂)ES

12 0.2500142 0.09289302 0.03575057 0.08606901 0.03269905 0.001156316
0.5 18 0.2397845 0.06944081 0.02137417 0.07533632 0.02511547 0.00042651

24 0.2389352 0.05524527 0.01729827 0.06912821 0.02012459 0.000319675
12 0.3588064 0.1219937 0.04356605 0.1191209 0.0417142 0.001270737

1 18 0.3423804 0.1090543 0.03063508 0.1098424 0.03573746 0.00050226
24 0.3159132 0.1086892 0.02987128 0.1049506 0.02950652 0.000311668
12 0.4486023 0.145864 0.05001015 0.1444736 0.04865429 0.001349253

2 18 0.4037468 0.1257692 0.03587759 0.1281272 0.03652177 0.000547435
24 0.3920611 0.1160097 0.03107977 0.1109537 0.0300483 0.000375311
12 0.522845 0.1650825 0.05512198 0.1643243 0.05396075 0.001400811

5 18 0.4456042 0.1400075 0.03920596 0.141064 0.03947367 0.000573064
24 0.4147355 0.1239611 0.0360842 0.1212924 0.03608319 0.000377618
12 0.5814825 0.1798207 0.05895879 0.1794048 0.05787395 0.001433154

80 18 0.5637428 0.1502728 0.04342856 0.1507892 0.04347574 0.000604162
24 0.5015473 0.1312255 0.03701516 0.1297143 0.03916693 0.000429041

Table 2. Poterior Risks of the estimator of θ when prior variance varies for fixed n = 30, r(r = 12, 18, 24), θ =

3.0, M = 3.0

V scheme r R(θ̂)S R(θ̂)WS R(θ̂)MS R(θ̂)PLF R(θ̂)LLF R(θ̂)ES

12 0.2261726 0.07115002 0.02416211 0.07293669 0.02324175 0.00057422
0.5 18 0.2050894 0.06885996 0.02180294 0.06816154 0.02033037 0.000421845

24 0.1947531 0.06120579 0.0192722 0.06273738 0.01675707 0.000367823
12 0.3520407 0.1115223 0.03751239 0.1116995 0.03626897 0.000904453

1 18 0.3260565 0.106634 0.02985623 0.0903247 0.03124571 0.000446311
24 0.2944187 0.0924279 0.02531779 0.07638943 0.0270732 0.000391145
12 0.4455123 0.1402123 0.04664217 0.1397079 0.04541752 0.00112957

2 18 0.4103479 0.1245269 0.03489725 0.126055 0.03554295 0.000511707
24 0.3679894 0.1105541 0.02979251 0.0971922 0.03052794 0.000450927
12 0.5214153 0.1625391 0.05359054 0.1619605 0.05244515 0.001298962

5 18 0.5139579 0.1389009 0.03862642 0.1396346 0.03887607 0.000587415
24 0.4589482 0.1219938 0.03048243 0.1193643 0.03344046 0.000477484
12 0.5813751 0.1796431 0.06185167 0.1792315 0.05776678 0.001426041

80 18 0.5235649 0.1501768 0.04438392 0.1510679 0.04942968 0.000712427
24 0.4838571 0.1327316 0.03732544 0.1268523 0.03870723 0.000609983

the value of n. And last but not the least ESELF (θ̂ES) can be considered as the best
estimator in terms of lowest posterior risk, for all the considered criteria i.e., varying
prior mean and prior variance keeping θ fixed (Tables 1, 2 & 3) and varying θ while
keeping prior mean and variance fixed.

5. Conclusion

In the present study, we have considered the new Modified Lindley ML(θ) distribution
as a lifetime distribution and carried out the estimation of the parameter θ in the
Bayesian paradigm by considering a type-II censored sample from it which has re-
mained unexplored before. Here six loss functions viz. SELF, WSELF, MSELF, PLF,
LLF, ESELF have been taken into consideration and the corresponding Bayes estima-
tors are obtained for each of the six loss functions and for comparing these estimators
their posterior risks have also been obtained. Firstly, in the cases when V and r in-
creases for the fixed values of n, θ and M (see, Tables 1-3), it is observed that the
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Table 3. Posterior Risks of the estimator of θ when prior variance varies for fixed n = 30, r(r = 12, 18, 24), θ =

3.0, M = 3.5

V scheme r R(θ̂)S R(θ̂)WS R(θ̂)MS R(θ̂)PLF R(θ̂)LLF R(θ̂)ES

12 0.2993414 0.08153518 0.02249766 0.08946226 0.02485334 0.000339106
0.5 18 0.2676384 0.07754429 0.01947566 0.06958786 0.0204429 0.000306303

24 0.2138618 0.07422397 0.01331966 0.06129614 0.0169788 0.000207985
12 0.3709009 0.107559 0.03264226 0.1114024 0.03308645 0.000598369

1 18 0.3466758 0.1001836 0.02504837 0.1093883 0.030596 0.000349364
24 0.2840969 0.09044485 0.02199408 0.08377309 0.0230448 0.000281437
12 0.45072 0.1356058 0.04305566 0.1365403 0.042344 0.000896117

2 18 0.4061585 0.1037817 0.03410569 0.1135728 0.03445551 0.000403259
24 0.3731882 0.0978299 0.02797876 0.1017768 0.02655761 0.000217633
12 0.5232704 0.1601765 0.05185495 0.159926 0.05078767 0.001176638

5 18 0.4842229 0.1380362 0.03803883 0.1382412 0.03821349 0.000455955
24 0.4142021 0.1198012 0.03072528 0.1173815 0.02966106 0.000183277
12 0.5815184 0.1794776 0.05872744 0.1770736 0.05764292 0.001416754

80 18 0.533561 0.1500975 0.04133479 0.1505692 0.04137764 0.000500078
24 0.4709094 0.1309604 0.0359257 0.1294693 0.03207637 0.000267481

Table 4. Posterior Risks of the estimators of θ when V = 1, M = 3and for true value of θ = 2.5

n scheme r R(θ̂)S R(θ̂)WS R(θ̂)MS R(θ̂)PLF R(θ̂)LLF R(θ̂)ES

6 0.3606857 0.1397295 0.05738046 0.138923 0.05605552 0.002629615
15 9 0.2976955 0.1140445 0.04604612 0.1345447 0.04534513 0.00202841

12 0.2445852 0.1105338 0.04312573 0.1310218 0.04021528 0.001353883
8 0.3358263 0.1043574 0.0553074 0.09347166 0.05480003 0.00241897

20 12 0.3020094 0.1016906 0.04279344 0.06034711 0.03860321 0.001321009
16 0.2537699 0.06242372 0.04267603 0.05993998 0.02831083 0.001018886
12 0.298234 0.07786202 0.03007343 0.08021385 0.0277044 0.000976123

30 18 0.28151166 0.06647112 0.02399845 0.01925851 0.02578795 0.000483908
24 0.22032864 0.04264132 0.02167798 0.01462106 0.02513484 0.000451107
24 0.2511233 0.0742954 0.0247088 0.04083595 0.02246728 0.000325126

60 36 0.2667663 0.06373139 0.01997158 0.01522118 0.01800598 0.000105621
48 0.2056744 0.03782089 0.015182073 0.0117755 0.01559204 0.00010123

Table 5. Posterior Risks of the estimator of θ when V = 1, M = 3 and for true value of θ = 3.5

n scheme r R(θ̂)S R(θ̂)WS R(θ̂)MS R(θ̂)PLF R(θ̂)LLF R(θ̂)ES

6 0.4692241 0.1606578 0.05819343 0.1596289 0.05698069 0.001906615
15 9 0.4113073 0.1363811 0.04721079 0.1357183 0.04658155 0.001341456

12 0.3992768 0.1292878 0.04059289 0.1287028 0.03991055 0.000800744
8 0.4245722 0.1121099 0.04875041 0.1520251 0.04932818 0.001761632

20 12 0.4093351 0.0983797 0.03930501 0.09562255 0.03721292 0.001142828
16 0.3604881 0.09249124 0.03072212 0.09176044 0.03152316 0.000804193
12 0.387382 0.1107188 0.03950127 0.1439654 0.03928317 0.00170465

30 18 0.3420292 0.088403 0.02996385 0.079565 0.02910358 0.00031574
24 0.3139588 0.0781563 0.02449849 0.060641 0.02512219 0.000139359
24 0.3645326 0.1072355 0.03273338 0.1351052 0.02789239 0.001169238

60 36 0.08217661 0.01483188 0.02812226 0.02065503 0.003696297 0.000264753
48 0.0345631 0.01219155 0.01387634 0.01028559 0.01873107 0.000109886

posterior risk of θ̂S , for M = θ is least as compared to that of θ̂S for M < θ and M
> θ; while the posterior risk of the other estimators ˆθW , ˆθM , θ̂P , θ̂L and θ̂E for M > θ
is found least as compared to the respective posterior risks of these five estimators for
M = θ and M < θ in almost all the cases.
On the other hand, when n and r increases for fixed values of V and M and for fixed
θ either less than M or greater than M, it is observed that the posterior risks of the
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various considered Bayes estimators of θ decreases in almost all the cases as it is the
expected result because of the increase in the information. It is also observed that the
posterior risks of the various Bayes estimators of θ for M < θ is least as compared
to that of respective values for M > θ. An interesting result which is to be noted is
that θ̂E outperforms other estimators θ̂S , θ̂w, ˆθM , θ̂P , θ̂L in terms of having smallest
posterior risk for almost all the considered values of n, r, M, V and θ.

References

[1] Algarni, Ali, et al. ”Two compound Rayleigh lifetime distributions in analyses the jointly
type-II censoring samples: DSGT2018.” Journal of Mathematical Chemistry 58.5 (2020):
950-966.

[2] Cohen, A. Clifford. ”Maximum likelihood estimation in the Weibull distribution based on
complete and on censored samples.” Technometrics 7.4 (1965): 579-588.

[3] Hald, A. ”Maximum likelihood estimation of the parameters of a normal distribution
which is truncated at a known point.” Scandinavian Actuarial Journal 1949.1 (1949):
119-134.

[4] Gupta, A. K. ”Estimation of the mean and standard deviation of a normal population
from a censored sample.” Biometrika 39.3/4 (1952): 260-273.

[5] Almarashi, Abdullah M., and Gamal A. Abd-Elmougod. ”Accelerated competing risks
model from Gompertz lifetime distributions with type-II censoring scheme.” Thermal
Science 24.Suppl. 1 (2020): 165-175.

[6] Chesneau, Christophe, Lishamol Tomy, and Jiju Gillariose. ”A new modified Lindley
distribution with properties and applications.” Journal of Statistics and Management
Systems 24.7 (2021): 1383-1403.

[7] Kumar, Dinesh, Umesh Singh, and Sanjay Kumar Singh. ”A method of proposing new
distribution and its application to Bladder cancer patients data.” J. Stat. Appl. Pro. Lett
2.3 (2015): 235-245.

[8] Kumar, Dinesh, Umesh Singh, and Sanjay Kumar Singh. ”A new distribution using sine
function-its application to bladder cancer patients data.” Journal of Statistics Applica-
tions & Probability 4.3 (2015): 417.

[9] Kumar, Dinesh, et al. ”A new lifetime distribution: Some of its statistical properties and
application.” Journal of Statistics Applications & Probability 7.3 (2018): 413-422.

[10] Kumar, Dinesh, et al. ”A NEW ASYMMETRIC LOSS FUNCTION FOR ESTIMATION
OF ANY PARAMETER.” International Journal of Agricultural & Statistical Sciences
16.2 (2020).

[11] Kumar, Dinesh, et al. ”PCM transformation: properties and their estimation.” Journal
of Reliability and Statistical Studies (2021): 373-392.

[12] Kumar, D., et al. ”A Novel Transformation: Based on Inverse Trigonometric Lindley
Distribution.” Reliability: Theory & Applications 17.1 (67) (2022): 303-315.

[13] Lindley, Dennis V. ”Fiducial distributions and Bayes’ theorem.” Journal of the Royal
Statistical Society. Series B (Methodological) (1958): 102-107.

[14] Norstrom, Jan Gerhard. ”The use of precautionary loss functions in risk analysis.” IEEE
Transactions on reliability 45.3 (1996): 400-403.

[15] Rahman, Jafer, Muhammad Aslam, and Sajid Ali. ”Estimation and prediction of inverse
Lomax model via Bayesian approach.” Caspian Journal of Applied Sciences Research 2.3
(2013): 43-56.

[16] Abbas, Kamran, et al. ”Bayesian Estimation of Gumbel Type-II Distribution under Type-
II Censoring with Medical Applications.” Computational and Mathematical Methods in
Medicine 2020.1 (2020): 1876073..

[17] Leung, Kwan-Moon, Robert M. Elashoff, and Abdelmonem A. Afifi. ”Censoring issues in
survival analysis.” Annual review of public health 18.1 (1997): 83-104.

11



Asian Journal of Statistics and Applications Kumar, Sahoo, Prajapati, Kumar

[18] Ali, Sajid, Muhammad Aslam, and Syed Mohsin Ali Kazmi. ”A study of the effect of the
loss function on Bayes estimate, posterior risk and hazard function for Lindley distribu-
tion.” Applied Mathematical Modelling 37.8 (2013): 6068-6078.

[19] Dey, Sanku, Sajid Ali, and Chanseok Park. ”Weighted exponential distribution: properties
and different methods of estimation.” Journal of Statistical Computation and Simulation
85.18 (2015): 3641-3661.

[20] Kazmi, Syed Mohsin Ali, et al. ”Selection of suitable prior for the Bayesian mixture
of a class of lifetime distributions under type-I censored datasets.” Journal of Applied
Statistics 40.8 (2013): 1639-1658.

[21] Singh, Sanjay Kumar, Umesh Singh, and Dinesh Kumar. ”Bayes estimators of the relia-
bility function and parameter of inverted exponential distribution using informative and
non-informative priors.” Journal of Statistical computation and simulation 83.12 (2013):
2258-2269.

[22] Tseng, Sheng-Tsaing, and Dong-Shang Chang. ”Selecting the most reliable design under
type-II censoring.” Reliability Engineering & System Safety 25.2 (1989): 147-156.

[23] Al-Baldawi, Tasnim HK. ”Comparison of maximum likelihood and some Bayes estimators
for Maxwell distribution based on non-informative priors.” Baghdad Science Journal 10.2
(2013): 22.

[24] Almitani, Khalid H., and Nasrin BM Elbashir. ”Development of freezing process in pres-
ence of nanoparticles involving transient conduction heat transfer through finned wavy
enclosure.” Case Studies in Thermal Engineering 53 (2024): 103952.

[25] Balakrishnan, Narayanaswamy. ”Progressive censoring methodology: an appraisal.” Test
16.2 (2007): 211-259.

[26] Pathak, Anurag, et al. ”Bayesian inference for Maxwell Boltzmann distribution on step-
stress partially accelerated life test under progressive type-II censoring with binomial
removals.” International Journal of System Assurance Engineering and Management 13.4
(2022): 1976-2010.

[27] Yadav, Abhimanyu Singh, et al. ”A new transmuted lifetime distribution: Statistical prop-
erties and application to survival data.” Journal of Scientific Research 64.1 (2020): 127-
137.

[28] Maurya, Sandeep Kumar, et al. ”A new extension of Lindley distribution and its appli-
cation.” Journal of scientific research 64.2 (2020): 366-373.

[29] Chesneau, Christophe, Lishamol Tomy, and Meenu Jose. ”Wrapped modified Lindley
distribution.” Journal of Statistics and Management Systems 24.5 (2021): 1025-1040.

[30] Abiodun, Alfred Adewole, and Aliyu Ismail Ishaq. ”On Maxwell–Lomax distribution:
properties and applications.” Arab Journal of Basic and Applied Sciences 29.1 (2022):
221-232.

[31] Han, Ming. ”Bayesian estimation and posterior risk under the generalized weighted
squared error loss function and its applications.” Statistical Papers 66.1 (2025): 17.

[32] Singh, Sanjay Kumar, Umesh Singh, and Dinesh Kumar. ”Bayes estimators of the relia-
bility function and parameter of inverted exponential distribution using informative and
non-informative priors.” Journal of Statistical computation and simulation 83.12 (2013):
2258-2269.

[33] Khan, Muhammad Shuaib, Robert King, and Irene Lena Hudson. ”Transmuted general-
ized exponential distribution: A generalization of the exponential distribution with ap-
plications to survival data.” Communications in Statistics-Simulation and Computation
46.6 (2017): 4377-4398.

[34] Hora, Rashi, Naresh Chandra Kabdwal, and Pulkit Srivastava. ”Classical and bayesian
inference for the inverse Lomax distribution under adaptive progressive type-II censored
data with COVID-19 application.” Journal of Reliability and Statistical Studies (2022):
505-534.

[35] Ali, Sajid, Muhammad Aslam, and Syed Mohsin Ali Kazmi. ”A study of the effect of the
loss function on Bayes estimate, posterior risk and hazard function for Lindley distribu-
tion.” Applied Mathematical Modelling 37.8 (2013): 6068-6078.

12



Asian Journal of Statistics and Applications Kumar, Sahoo, Prajapati, Kumar

[36] Yadav, Abhimanyu Singh, S. K. Singh, and Umesh Singh. ”Bayesian estimation of
stress–strength reliability for Lomax distribution under type-II hybrid censored data us-
ing asymmetric loss function.” Life Cycle Reliability and Safety Engineering 8.3 (2019):
257-267.

[37] Han, Ming. ”E-Bayesian estimations of the reliability and its E-posterior risk under dif-
ferent loss functions.” Communications in Statistics-Simulation and Computation 49.6
(2020): 1527-1545.

[38] Uhlich, Stefan, and Bin Yang. ”Bayesian estimation for nonstandard loss functions using
a parametric family of estimators.” IEEE transactions on signal processing 60.3 (2011):
1022-1031.

[39] Samaniego, Francisco J. A comparison of the Bayesian and frequentist approaches to
estimation. Vol. 24. New York: Springer, 2010.

[40] Kumar, Pradip, et al. ”Bayesian Estimation of Parameter For Different Loss Functions
Using Progressive Type-II Censored Data.” Electronic Journal of Applied Statistical Anal-
ysis 16.3 (2023).

[41] Berger, James O. Statistical decision theory and Bayesian analysis. Springer Science &
Business Media, 2013.

[42] Legendre, A. ”New Methods for the Determination of Orbits of Comets Courcier.” (1805).
[43] Gauss, C. F. ”Least squares method for the combinations of observations (translated by

J. Bertrand 1955).” Mallet-Bachelier, Paris (1810).

13


